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1. Introduction 



It is a pleasure for me to contribute to Yuri Golfand's memorial volume. I met Yuri 
several times during his occasional visits of Lebedev Institute in the 80's. Two of our 
discussions in 1985 I remember quite vividly. 

Golfand found appealing the interpretation of string theory as a theory of 'quantized 
coordinates', viewing it as a generalization of some old ideas of noncommuting coordinates. 
In what should be an early spring of 1985 he read our JETP Letter |1]] which was a brief 
Russian version of our approach with Fradkin 0] to string theory effective action based 
on representation of generating functional for string amplitudes as Polyakov string path 
integral with a covariant 2-d sigma model in the exponent. In our approach was inter- 
preted in a somewhat heuristic way: (i) the basic quantized 'pre-field' is a set of coordinates 
x m of a .D-dimensional space which may be taken as a string (or membrane) coordinates 
depending on internal parameters a 1 (world- volume coordinates); (ii) the classical space- 
time coordinates are expectation or 'center-of-mass' values of x rn (a); (iii) all space-time 
fields are 'excitations' of these quantized coordinates, appearing as generalized 'sources' or 
'couplings' in the path integral action, J d 2 a^d kl x mi ...d kn x mri B rni ^. rnn (x(a)). Golfand 
asked me if superstring theory should then be interpreted as a theory of quantized super- 
coordinates (x, 9). I told him of a recent paper by Green and Schwarz || as the one that 
should provide a basis for such a program. Later in spring 1985 we generalized the sigma 
model approach to Green-Schwarz superstring H using its light-cone gauge formulation 

In summer of 1985 Golfand approached me again after having seen the Lebedev In- 
stitute preprint version of our paper || on the derivation of the Born-Infeld action from 
the open string theory. This was a simple application of the non-perturbative in number 
of fields approach of 0, allowing one for the first time to sum certain terms in the string 
effective action to all orders in a' . Yuri stressed the importance of the fact that the string 
tension T = (27ra') _1 is determining the critical value of the electric field. He was also 
excited about a possibility (noted in ||) of a kind of 'bootstrap' if such a non-linear action 
following itself from string theory admits string-like solutions. In H we mentioned that 
vortex solutions of similar Born-Infeld type actions (e.g. V F 2 ) were discussed previously 
in . This idea has similarity to some recent developments: a simple plane wave type so- 
lution of BI action (F a o + F a \ = 0) may be re-interpreted (A a = TX a , F a \ = Td a Xi) as a 
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fundamental string ending on D-brane ||[| - the dimensional reduction of BI action along 
the 1-direction is simply the DBI action [I(J describing D-brane collective coordinates.@ 
I recall that Golfand was also asking me about supersymmetric extension of Born- 



Infeld action. At that time I was not aware of an early work JL2| on this subject, but later 
in 1986 there appeared the paper |13[] (inspired in part by the discovery of the relation 
of the bosonic Born-Infeld action to string theory) where Af = 1 supersymmetric version 
of D = 4 BI action was presented in the explicit form. While the requirement of Af = 1 
D = 4 supersymmetry did not fix uniquely the bosonic part of the nonlinear abelian vector 



multiplet action |13| to be the standard ^/— det(?? mn + T~ 1 F mn ), it is now clear that the 
condition of Af = 4, D = 4 (or Af = 1, D = 10) supersymmetry should imply this.i 

It seems, therefore, that a review of some aspects of the Born-Infeld action and its 
supersymmetric extensions in the context of string theory is quite appropriate in this 
volume. 



2. Born-Infeld action from string theory 

The Born-Infeld action was derived from string theory in as field strength derivative 
independent part of the open string effective action by starting with an 'off-shell' bosonic 
open string path integral on the disc in an external (abelian) vector field 

Z(A) =< tr Pexpz J dip x m A m (x) > , (2.1) 

A m (x + -> \eFnm + O(dF) , 

and using specific (C-f unction) renormalization to get rid of a linear divergence. In Ap- 
pendix we repeat the original computation || of this partition function in the abelian 
Fran = const background in a slightly generalized form: we shall assume that the bound- 
ary part of the string action contains also the usual 'particle' term M(x m ) 2 . Here the 



1 This is of course not surprising from more stringy perspective, as T-duality along 1-direction 
should convert the wave momentum into the (wound) string charge. Since this solution is essen- 
tially a plane wave, it is also an exact solution of not only the BI action but also of the full open 



string theory effective action [11]. 

2 In particular, the structure of F 4 [14,15] and, more non-trivially, F 6 [16] terms in the Af =1 



supersymmetric deformation of the D = 10 super Maxwell action was found to be exactly the 
same as in the BI action. 
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constant M may be viewed as an 'off-shell' condensate of a massive open string mode or 
simply as a formal regularization parameter. The effective boundary action will then have 
both a 'first-derivative' scale-invariant (~ T) and a second-derivative (~ M) parts and will 
interpolate between the string-theory case T^O, M = discussed in and the standard 
particle case T = 0, M^O appearing in the Schwinger computation of logdet(— D 2 (A)). 
The resulting bosonic string partition function for a single magnetic field component F will 
be (superstring expression is similar, see Appendix) 

7 - w ^ M (2 2) 



[r(i + 



M ■ 



and thus will have the Born-Infeld a/1 + (T _1 F) 2 and the Schwinger sin ^f M Jt^ expres- 
sions as its M = and T = limiting cases. 

The -F 2 + a' 2 F A terms in BI action were found to be in precise agreement with the 
ones derived directly from (super)string 4-point amplitude [17,18]. The reason why the 
renormalized open string path integral on the disc in F mn = const background reproduced, 
indeed, the correct effective action! was explained in detail later [[19 , 20| : the apparently 
missing Mobius group volume factor is only linearly divergent in the bosonic case (and is 
finite in the superstring case) and thus is effectively taken care of by the renormalization. 
The computation of the string partition function in a constant abelian background is 
essentially an 'on-sheh" computation: F mn = const solves equations of motion for any 
gauge-invariant action S(F) depending only on the field strength and its derivatives.^ 

Furthermore, in the important paper |HJ] it was demonstrated that the leading-order 
term in the expansion in dF of the condition of conformal invariance of the open string 
sigma model follows indeed from the BI action. In particular, F mn = const background 
defines a conformal 2-d field theory. The superstring generalization of this conformal invari- 
ance argument implied P^] that the derivative-independent term in the open superstring 
effective action should also be given by the same BI action. After some initial confusion in 



3 It could seem that computing the partition function we were not dividing over Mobius group 
volume, compared to the standard on-shell generating functional for string S-matrix. 

4 Related point is that the BI action is unambiguous: it is not changed by local field re- 
definitions of gauge potential since these lead to terms containing derivatives of F mn which, by 
definition, are not included in the BI action. This is also related to the fact that the string 
partition function in F mn = const background does not contain logarithmic divergences. 
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||17|| (corrected in errata) this conclusion was reached [pi also in the original path integral 
approach of [0. 

Born-Infeld action is a unique example of the case when certain ol string corrections 
can be summed to all orders. Though no similar action is known in the closed-string 
context! the expectation is that string tension defines a natural maximal scale for all field 
strengths, including curvature. The analogy with open string theory suggests that higher 
order a' terms in the effective action may eliminate (at least some) black hole singularities 
24[. While in the Maxwell theory the field of a point-like charge is singular at the origin 



and its energy is infinite, in the Born-Infeld theory the electric field of a <5-function source 



is regular at r = (where it takes its maximal value) and its total energy is finite [25]. 
From the point of view of the distribution of the electric field (p e ff = i^div E) the source 
is no longer point-like but has an effective radius tq ~ \fa! (for example, in 4 dimensions 
E r = F rt = j= , Tq = lixa'Q). Since both open and closed string theories are 



effectively non-local with characteristic scale of \V, one may expect that Schwarzschild 
singularity is smeared in a similar way. 

The remarkable second advent of D-branes [[26] four years ago ||27|| brought the Born- 



Infeld action again into the spot-light. In [|10| the Born-Infeld action found a new interpre- 
tation - as an action of D-branes in the static gauge. What was called 'Dirac-Born-Infeld' 
action [|10] was derived by applying the conformal invariance conditions approach of 
in the case of mixed (Dirichlet and Neumann) boundary conditions.il The same action 
can be also easily obtained H using the path Integra! approach as in B J The path 
integral approach makes T-duality covariance properties of the resulting D-brane actions 
transparent, implying that all p < 9 brane actions can be obtained by direct dimensional 
reduction from the D = 10 (p = 9 brane) Born-Infeld action. Indeed, the DBI action is 



5 Apart from the suggestion in |2^] (based on type I - heterotic string duality and conjecture 
about special supersymmetry properties of the Born-Infeld action) that BI action may be summing 



up F string n-loop corrections in the heterotic string theory. 

6 Some subtleties in the approach of [10 and attempts of generalization to the non-abelian 



case were discussed in [28]. 

7 Here the aim is to compute the string path integral on the disc in the presence of a D-brane. 
This is the partition function of virtual open strings with mixed Dirichlet-Neumann boundary 
conditions (i.e. with ends attached to a hyperplane) propagating in a condensate of massless 
vector string modes. The collective coordinates X 1 and internal vector A m degrees of freedom of 



the D-brane are represented by the boundary background couplings as in [26. 1C ] . 
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not a new action, but is simply the reduction of the BI action. In particular, all solutions 
of the DBI action can thus be obtained from the solutions of the higher-dimensional BI 
action (see @). 

Thus the form of the D-brane action is determined by the abelian D = 10 open 



string effective action [p0| , |29[| and is given by the Born-Infeld action for the D = 10 vector 



potential! = (A m , A s = TX S ) reduced down to p + 1 dimensions^ 

S p = T p J (F+^yJ-deti-q^ + T-iF^) 

= T P J d p+1 xy/- det( Vmn + d m X s d n X s + T-iFmn) . (2.3) 

This 'T-duality' relation suggests that supersymmetrization of the DBI action (and its non- 
abelian generalization) in flat space0 should also be determined by that of the Born-Infeld 
action. 

Originating from the BI action, the DBI action implies similar 'maximal field strength' 
constraints on allowed physical configurations. In particular, the action for DO-brane is 
simply that of a relativistic particle J dxo yl — (doX s ) 2 , and the ' maximal field strength' 
constraint here is simply the standard relativistic constraint on particle's velocity ||30|| . 
Here it is interesting to recall that it was the analogy with the square root structure of the 
relativistic particle action that was one of the original motivations of Born in looking for 



a non-linear electrodynamics action [25|] which does not allow the electric field of a point 
charge to become infinite. 



3. Some properties of bosonic D = 4 Born-Infeld action 

The D — 4 Born-Infeld Lagrangian 



-det 4 (?y mn + F mn ) - 1 , (3.1) 



Here we use the Minkowski signature and the following notation: fj,, v = 0,1,..., 9; m,n = 
0,1, ...,p; «,r = p + l,...,9, T- 1 = 2rra', e mncd e mnc d = -4!. The functions A m and X s depend 
only on x n = {x , ...,x p ). 

9 In the low-energy or 'non-relativistic' approximation, i.e. to the leading quadratic order in 
F mn , this action is the same as the dimensional reduction of the D = 10 U(l) Maxwell action for 
A m [31]. A simple determinant identity shows that this is true in general for the whole BI action. 



10 



This relation may no longer apply in the case of a non-trivial closed string background 



without simple isometry properties. 
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where we set the fundamental (scale) 2 (=T -1 = 2ira' in the string theory context) equal 
to 1, has several remarkable features, including electro- magnetic duality and causal prop- 
agation (see, e.g., f3^,|33| and refs. there). Since in four dimensions 



-detJn + F ) — 1 4-lF p mn -J_(p p* mn \2 

ucl 4 V 'Imn ~ - L mn ) '9 mn L 16 v mn L ) 



^*mn limned 



1 vnncd rp (o r,\ 

2 e f c d , {6.2,) 



Lbi interpolates between the Maxwell Lagrangian ^F mn F Tnn for small F and the total 
derivative (topological density) \F mn F* mn for large F. In Euclidean signature one finds 



'BI 



1 i iP p*mn\2 i I (jp _ p* 
± ~ 4-*- mn- 1 - I ~ d\ mn -*■ 



1 > IF p*mn 
± — 4 - 1 mn- 1 - 



4- 1 mn-*- ) i 4\ mn -*■ mn; -*- _ 4-* mn-* j 

(3.3) 

implying that the minimum of the Euclidean action is attained at (abelian) self-dual fields 
(for a discussion of related BPS bounds for DBI actions see pi]]). Another useful repre- 
sentation is 

(3.4) 



'BI 



y/(l + hf + 2/4 - 1 = h + h[l + 0{F 2 )} 



I p pmn 
4-*^ mn*? 1 



P pnk rp jplm 
£ mn r ^kl r 



-(F F 

4 V- 1 mn- 1 



mn\2 



l( F (+))2 (F (-))2 



That Lbi = I2 + I4 + 0(i ?6 ) is true in all dimensions, but it is only in D = 4 that all 
higher order terms are proportional to I4. This fact is reflected in the structure of the 
supersymmetric generalization of the D = 4 BI action (see section 4.1). 

The D = 4 Born-Infeld action is obviously symmetric under F <-> F* and is also 
covariant under the electric-magnetic (or vector — > vector) duality, as can be concluded 
from the structure of the equations of motion |32| (see also |35| , |36[1 ) or demonstrated directly 
at the level of the action by following the standard steps of introducing the Lagrange 
multiplier for the F = dA constraint and solving for F in the classical approximation . 

In four dimensions it is possible to write down the BI action in the form quadratic 
in F mn by introducing two complex auxiliary scalar fields fl3T| . First, we replace Lbi 
(changing its overall sign as appropriate for the Minkowski signature) by 



-a/- det(?7 

mn ■fmn) 



iydet(?7 mn + L mn ) + iy- 1 



use ( |3.2| ) and introduce the second auxiliary field U to 'split' the quartic (FF*) 2 term . 
Finally, we can eliminate the term with V~ x by introducing a complex auxiliary scalar 



a = a\ + itt2, a = ai — M2, and writing the Lagrangian as [37 



L 4 = -\V{a + a + aa- \F mn F mn ) + \U[i{a - a) + \F mn F* 



l(a + a), (3.5) 
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or as 

-ImU a+\aa-\(F mn F mn + iF mn F* rnn ) + la J , (3.(5) 



A = Ai + i\ 2 = U + iV . 

The constraint implied by A is solved by a = a (F) with Im a(F) = \F mn F mn and the real 
part 



Re a(F) = yjl + \F* - ^(FF*)* - 1 , (3.7) 

which (up to sign) is the BI Lagrangian itself. This gives a natural 'explanation' for the 
square root structure of the Born-Infeld action. One can thus view the D = 4 BI action 
as resulting from a peculiar theory for two complex non-propagating scalars (A, a) coupled 
non-minimally to a vector. Shifting A by i the Lagrangian (3J5) can be put into the form 
that does not contain terms linear in the fields 



U = -\F mn F mn + \aa - Im^A [a + \aa - \{F mn F mn + iF mn F* mn )]^ 



(3.8) 



Since in this form the BI action is quadratic in the vector field, it is very simple to demon- 
strate its covariance under the vector- vector duality. Adding the Lagrange multiplier term 
lF* ab F a h 1 where F a u is the strength of the dual vector field, and integrating out F a u we 
find that ifie dual action has the Lne form as & with 

Fmn -> F mn , A -> -A" 1 , a -> -iXa . (3.9) 

Like the Maxwell action, the action ( |3.6|) is not invariant under this duality. There exists, 
however, an equivalent action containing one extra vector field variable which is manifestly 
duality-symmetric |37j. duality-symmetric actions was explained 

The BI Lagrangian in the form ( p.6|) ,( ^8|) may be viewed as a special case of the 
following Lagrangian for a vector coupled non-minimally to a set of massive scalars 

L = -±F mn F™-±(d a ^) 2 -X^+^^^ • (3-10) 

In the limit when masses of scalars are much larger than their gradients so that the (d a fi) 2 
terms may be ignored, ( |3.10| ) reduces to (|3.8| ) with the scalars <p n being linear combinations 
of Ai, A2, ai, 02 in (|3.8|). This action may be viewed as a truncation of the cubic open string 
field theory action which reproduces the BI action as an effective action upon integrating 
out at the string tree level all massive string modes (represented here by <pi) PJ3^]. The 
kinetic terms (d a (pi) 2 may be dropped since they lead to derivative-dependent 0(dF) terms 
which, by definition, are not included in the leading part of the low-energy effective action. 
Note that to represent higher dimensional Born-Infeld action in a cubic form similar to 
( |3.10|) one would need to introduce auxiliary tensor fields to 'split' the higher-order F k 
invariants in det(?y mn + F mn ). 



11 The equations of motion derived from the vector terms in the action ( |3.6| ) have the full 

k\+l ' 



SL(2, R) invariance: A -» |^±f , F mn -» (kU + l)F mn + kVF^ n , pi - qk = 1, see also [||,| 
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4. Supersymmetric Born-Infeld actions with manifest D = 4 supersymmetry 

Below we shall review what is known about generalizations of Born-Infeld action with 
manifest D = 4 supersymmetry. 

There exists a remarkable connection between (i) partial supersymmetry breaking, 
(ii) nonlinear realizations of extended supersymmetry, (iii) BPS solitons, and (iv) nonlinear 
Born-Infeld type actions (see, e.g., pD| , |4D|j4T] ,p7| and refs. there). Extended Af > 1 super- 
symmetry can be partially broken either by a translationally non-invariant background 
(soliton) in a second-derivative higher-dimensional theory or by a translationally invariant 
vacuum in a nonrenormalizable theory in four dimensions containing non-minimal inter- 



actions [42|. 

The interpretation (and derivation) of M = 1 supersymmetric BI action [ |12| , |r3|| as 
the action for a Goldstone multiplet associated with partial breaking of Af = 2 to M = 1 
supersymmetry was suggested in |IT| . As was demonstrated in []37j , the connection between 
partial breaking of supersymmetry and nonlinear actions is not accidental and has to do 
with constraints that lead directly to nonlinear actions of Born-Infeld type. Spontaneously 
broken symmetries give nonlinear realizations of the broken symmetry group. A standard 
way to find such realizations is to begin with a linear representation and impose a nonlinear 
constraint. The constrained superfield approach |43|,[}7| appears to be a universal and 
transparent way of deriving and dealing with these actions. 

In a similar way, a massless Af = 2 vector multiplet may be also considered as a 
Goldstone multiplet associated with partial spontaneous breaking of Af = 4 supersymmetry 
to Af = 2 ||44}| . The Af = 2 analog of the Af = 1 supersymmetric Born-Infeld action was 
suggested in pR| . Though this was not proved to all orders, it is likely that the bosonic part 
of this action is related (after a field redefinition eliminating higher derivative scalar terms) 
to the DBI action for a 3-brane moving in 6 dimensional space-time (with two scalars of 
the Af = 2 vector multiplet playing the role of the transverse collective coordinates). 

The Af = 4 supersymmetric extension of the Born-Infeld action (written, e.g., in terms 
of Af = 1 or Af = 2 superfields) is not known at present and it appears to be non-trivial 
to construct it (cf. [j37j ). Below we shall describe what can be learned about the structure 
of the -F 4 term in such Af = 4 action using the knowledge of the Af = 1 and Af = 2 Born- 
Infeld actions and assuming the expected global SU(3) symmetry of the Af = 4 action 
written in terms of Af = 1 superfields [[I6| . 



4-1- Af = 1 super symmetric action 

The Af = 1 supersymmetric BI action can be written in the following way ||13||Ei 



S = \ J d 4 x( J d 2 6 W a W a + h.c.) + J d^x J d 2 6d 2 6 B(K, K)W a W a W & W & , (4.1) 



where 



B = = i + l(K + K) + ... , (4.2) 

1 - \{K + K) + Jl - (K + K) + \{K - K) 2 



K ee Z) 2 (W a W Q ) , K ee D 2 (W d W d ) . (4.3) 



The action depends in general on dimensional scale parameter which is set to 1 as in ( |3.1|) . 
Since 

(D 2 W 2 ) 6tS=Q = -\F mn F mn - l -F mn F* mn - | Aa m a m A + |D 2 

the bosonic part of the action depends on the square of the auxiliary field D so that D = 
is always a solution. 

To get insight into the structure of ( [4.1|) and to exhibit its invariance under the second 
(spontaneously broken, i.e. non-linearly realized) supersymmetry it is useful to rederive 



this non-linear action using constrained M = 2 superfield approach ||37|| . We start with 
Af = 2 vector multiplet described by constrained chiral field strength W(x, 6*1,6*2) that 
obeys the Bianchi identity D 2 ab W = C ac C bd D 2cd W (a, b = 1, 2). Defining D = D u Q = 
D 2 this becomes D 2 W = Q 2 VV, DQW = -DQW. We break Af = 2 supersymmetry to 
Af = 1 by assuming that W has a Lorentz-invariant condensate (W) (we set the scale of 
the supersymmetry breaking to 1): 

W -> (W) + W , (W) = -01 , (<? 2 W) = 1 , D(W) = . (4.4) 

We reduce the field content to a single Af = 1 superfield by imposingly 

W 2 = . (4.5) 



12 We follow the same conventions as in [37], in particular, D 2 = ^D a D a . 

13 This removes independent chiral superfield part of the Af = 2 multiplet. It would be inter- 
esting to generalize the discussion to the case when the chiral superfield is first kept independent 
and then integrated out. 
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Then the above constraints imply 



Q 2 W = D 2 W-1 



= \Q 2 W 2 = W(D 2 W - 1) + \Q a WQ a W 



(4.6) 



Projecting to Af = 1 superspace by setting 6>2 = and defining the Af = 1 superfields 



W Q = -Q Q >V| e2=0 



(4.7) 



we find that the constraint for the chiral superpartner of the vector multiplet in the Af = 1 
superspace description of the Af = 2 vector multiplet is 



(4.1 



which coincides with the constraint in 41 



Because of the constraints ( |4.4|) , (|4.5|) , (|4.8|) , there are many equivalent Af = 2 forms 
that all give the same Af = 1 action |37| . One example is a class of actions proportional to 
the Af = 2 Fayet-Iliopoulos term: / d 2 6 1 d 2 6 2 F(W) = J d 2 6 1 <$>. Another action that 

leads to the same constraints and the final Af = 1 Born-Infeld action is the standard free 
Af = 2 vector action, i.e. the action for the Af = 1 vector (V) and chiral ($) superfields, 
plus a term with a chiral Af = 1 superfield Lagrange multiplier A imposing the constraint 
(0) 



s = / d 4 x / d 2 e 



^V a W a + $L> 2 $) + iA(±W a W a + $D 2 $ - $) 



+ h.c. . (4.9) 



Shifting A — > A + z, we get 



S = J d 4 x J d 2 e(iA[±W a W a + $D 2 $ - $] + $ ^ + /i.e. 



(4.10) 



The resulting action is thus simply 



S = d*x 



d 2 9 W) + h.c. 



(4.11) 



where $ is the solution of the constraint (|4.£|). Since the explicit solution of (|4.8[) is HI 



$(W, W) = \W a W a + \D< 



B(K, K)W a W a W*W 6 



(4.12) 



where B was defined in (|4.2|) , the action (|4.11|) is nothing but the Af = 1 supersymmetric 
Born-Infeld action (14.11). 
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One concludes Pl],|37j that the requirement of partially broken Af = 2 supersymmetry 



uniquely fixes the action for the A" = 1 vector multiplet to be the supersymmetric Born- 
Infeld action. As explained in |57|, the M = 1 supersymmetric Born-Infeld action also 
emerges as an effective action from the Af = 2 — > Af = 1 supersymmetry breaking model 



of j|2| when one decouples ('integrates out') the massive chiral multiplet. 

The bonus of the above derivation is that it reveals the hidden non-linearly realized 
supersymmetry of the Born-Infeld action Q4. 11] ) - the broken half of the original Af = 2 
symmetry [|T|. The second (Af = 2) supersymmetry transformation law follows from the 



above constraints and definitions of the Af = 1 superfield components, 

5 2 $ = ( v a Q a + f} & Q & )W\e 3 =o = ~V a W a , 6 2 W a = r] a (D 2 § - 1) - ifj^Q . (4.13) 

Note that this transformation is non-linear since $ ( [1.12|) contains terms of all orders in 
W (and thus also in the fundamental scale parameter or in 2ira'). 

The bosonic part of the supersymmetric action ( 4.1 U| ) is exactly the BI action repre- 



sented in the form ( |3.6|) with the two auxiliary complex scalar fields fields a and A being 
the corresponding scalar components of the chiral superfields $ and A in (|4.10| ) . As in the 
bosonic case ( |3.6|) , the Lagrange multiplier representation (|4.10|) of the action also simpli- 



fies the proof M] of the duality covariance of the A" = 1 supersymmetric Born-Infeld 
action flOlD.flP^). 

Let us make a brief comment about the quantum properties of the Born-Infeld actions. 
Viewing BI action as a leading term in the low-energy effective action of string theory, it 
does not make much sense to quantize it directly,0 unless one is systematically keeping 
all momenta small compared to the cutoff —j= as in other effective field theories (see, 
e.g., [0). Still, formally, one may try to view the BI action as defining a fundamental 
theory and compute the corresponding quantum corrections using, e.g., background field 
method. It is easy to see that logarithmically divergent corrections to the abelian bosonic 
BI action will involve derivatives of the field strength, i.e. the original BI action is not 
renormalizable. The same is true in the M = 1 supersymmetric case: as follows from 
( [Op , all terms additional to the Maxwell W 2 term in the A" = 1 BI Lagrangian are no 



Ignoring derivative corrections, Born-Infeld action represents a sum of string tree diagrams 
with massive modes on internal lines and massless vectors on external lines. Quantum loop 
corrections to Born-Infeld action thus represent only a subclass of all string loop diagrams where, 
e.g., loops of massive modes are not included. It is only the sum of all string diagrams at a given 
loop order that is expected to be UV finite. 
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longer F-terms, but D-terms, and thus may be deformed by quantum corrections.10] This 

which demonstrated that the 



was indeed confirmed by explicit computations in pq j 
leading 1-loop logarithmically divergent correction to the (Af > 2) supersymmetric Born- 
Infeld action has the d 4 F 4 form. It is not completely surprising that the same 4-derivative 
term (whose Af = 1 structure ~ J d 4 0d m W a d m W a d n W a d n Wa |RJ is determined by the 
supersymmetry) appears as the leading derivative correction to the Born-Infeld term in 
the tree-level open superstring effective action |2(J (see section 7). 

4-2. Af = 2 supersymmetric action 



The Af = 2 extension of the Born-Infeld action suggested in [^5| is similar in structure 
to the Af = 1 one flPD : 



S 



d 4 x 



( j d 4 6 W 2 + c.c.) + \ J d 4 6d 4 6 B(K, K) W 2 W 5 



where 



B 



1 



1 - \{K + IC) + yj\ - (/C + K) + \(JC - £) 2 



IC = \D 4 W 2 



\D 4 W 2 



(4.14) 



(4.15) 



(4.16) 



The Lagrangian here H = W 2 + ... (cf. Q4.11| )) satisfies the Af = 2 generalization of the 
M = 1 non-linear constraint (|4.8|) , 



H = \HD 4 H + W 2 



. 



(4.17) 



The analogy with the M = 2 — > M = 1 supersymmetry breaking case discussed above 
suggests a relation to the M = 4 — ► Af = 2 supersymmetry breaking J0J and thus the 
interpretation of (|4.14|) as the unique action for the Af = 2 vector multiplet as a Goldstone 
multiplet associated with the partial breaking of Af = 4 supersymmetry. In this case ( f4.14j ) 
should have hidden invariance under two extra spontaneously broken and non-linearly 



15 Note, however, that there should be no finite quantum renormalization of the coefficient in 
front of the Af = 1 BI action ( (4.1|) as part of the full quantum effective action: assuming that 
the second spontaneously broken supersymmetry survives at the quantum level, it should again 
relate the coefficient of the D-term in ( |4.1| ) to that of the F-term and thus should rule out its 
finite renormalization. This should be related to expected non-renormalization of the BPS 3-brane 
tension. 
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realized supersymmetries which should unambiguously determine the form of the action 
via the non- linear constraint ( |4.17 ) . 



This action contains terms without derivatives and with higher derivatives of the com- 
plex scalar field. At first sight, this seems to contradict its possible interpretation as a DBI 
action (the Nambu-type actions for the transverse collective coordinates should contain 
scalars only through their first derivatives as required by the translational invariance). 
However, it is likely that the higher-derivative terms can be eliminated by field redefini- 
tions (cf. |45| , |50| , |37|| ) . These, however, will make M = 2 supersymmetry of the resulting 
action non-manifest. This clash between the requirement of dependence on first derivatives 
of scalars and manifest extended supersymmetry is likely to be the general property of the 
M > 2 supersymmetric Born-Infeld actions. 

To demonstrate that such unwelcome terms can indeed be redefined away let us con- 
sider the first subleading four-field term in the action ( f4.14| ) and show that the second- 



derivative scalar terms there are indeed proportional to the leading-order equation of mo- 
tion d 2 <p (i.e. vanish on shell) and thus can be eliminated by a field redefinition. The 
M = 2 chiral superfield W satisfies the constraints D^iW = 0, D 4 W = <9 2 VV, implying 
the following expansion in terms of M = 1 superfields: 

W = 9) + s/29%W a (y, 9) + 9%9 2a D 2 $(y, 9) 

= $(y, 9)+i9 2 a m 9 2 d m $( yi 9)+\9 2 2 9ld 2 §+V29*W a {y, 9)-^=9 2 2 d m Wa m 9 2 +9 2 2 D 2 ${y, 9) , 

(4.18) 

where 9 = 9\ and y = y + i9 2 a9 2 = x + i9a9+i9 2 a9 2 . $ has the standard Af = 1 component 
expansion 

$ = (p + i9a m 9d m p + \9 2 9 2 d 2 ip + V29ip - -^9 2 d m tf;a rn 9 + 9 2 T . (4.19) 

V2 

The leading correction term in ( |4. 14j) is 

J 4 = Jd^ I 4 , I 4 = J d% W 2 W 2 , (4.20) 

where I4 can be expressed in terms of M = 1 fields as follows 



I 4 = W^WaWaW* + i($a m $ - ^d m ^)W a a^W & 

+ i($$a m $a m $ + $$a m $a m $) - 2$$a m $a m $ 
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(4.21) 



The cross-term can be written also as W ol Wc l D a <&D ol &. Related expressions for the Af = 2 
invariant W 2 VV 2 in terms of Af = 1 superfields appeared in 5C.15 . If one is allowed 



to integrate by parts (which is possible in the action under the integral over x-space) 
and omit terms proportional to equations of motion (which can be redefined away by a 
transformation preserving Af = 1 supersymmetry as in ||50|| ) then the $ 4 terms in ( [4. 2 1| ) 
reduce to just one term only, since 



-cU$ 2 )cU$ 2 ) + ic^d M ($ 2 $ 2 ) = 2d m ($$)d m ($$) - -c>^($ 2 $ 2 ) . (4.22) 

Integrating over 9 one finds that the component form of the $ 4 terms in Q4.21| ) agrees with 
the 4-derivative term (dip) 2 (dtp) 2 in the non-linear action for a chiral multiplet in []5T|j37|1 .El 
To all orders the scalar part of the Af = 2 action is expected to coincide (after field 
redefinitions) with 

L = v / det(5 mn + d m X^d n X^ + d m XW n X^) 
which can be written in the form ((p = X 1 + iX 2 ) [B7[ 



= i + ^ i<*gw . (4.23) 

1 + \d<pd(p + yj(l + \difd(f) 2 - \(d^) 2 {d^) 2 

This is the bosonic part of the action of the non-linear chiral multiplet ||3~7| , |52| , |53|| (dual to 
a tensor multiplet action [R2ip^,|5H] ) with Af = 1 superfield Lagrangian 



L $ = + 2± " J = — , 4.24 

1 + A + y/(l + A)2-B 

A = <9 ad $d Qd $ , B = (<9 ad $d Qd $)(d ad $d Qd $) . 

The Lagrangian ( |4.24|) has manifest translational symmetry and thus defines the action 



representing the 3-brane in 6 dimensions of ref. | 4"0f| . It is natural to expect that there 



exists an exact Af = 1 superfield redefinition that puts the ^-dependent part of the Af = 2 
BI action (|4TT4l) into the form ((L2|). 
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Note that the expansion of the full bosonic action is 



L = 1 + \d m <pd m ip + \F 2 - \[F A - \{F 2 ) 2 } - l{F^ n - \F 2 b mn )d m p>d n p> - ^d m tpd m (pd n (pd n <p, 
where, modulo a total derivative, d m y>d m Lpd n (pdn(p = 2(d m i pd m ip) 2 ■ 
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4-3. Four- derivative terms in the Af = 4 super symmetric Born-Infeld action 

It would be interesting for several reasons (e.g., in connection with quantum properties 
of D3-branes and their comparison with supergravity) to find a manifestly supersymmetric 
formulation of Af = 4 Born-Infeld action generalizing Af = 4 Maxwell theory. Related (by 
a field redefinition) component action with 4 linearly realized and 4 nonlinearly realized 
global D = 4 supersymmetries can be found by fixing static gauge and k symmetry gauge 



in the D3-brane action with global D = 10 supersymmetry constructed in |54] , [55| , p6i (see 
section 5). However, the form of the Af = 4 supersymmetric action with manifest unde- 
formed linear D = 4 supersymmetry, e.g., written in terms of unconstrained Af = 1, D = 4 
superfields - one real vector with field strength W a and 3 chiral scalar $ a (a = 1, 2,3), 
is not known. For $2, $3 set equal to zero the action should reduce to the Af = 1 form 



of the Af = 2 action (|4.14| ). After a field redefinition eliminating higher derivative scalar 



terms the bosonic part of the action should become the 10 — > 4 dimensional reduction of 
the D = 10 Born-Infeld action, i.e. the DBI action of a D3-brane moving in 10 dimensions, 

S = J d 4 x^- det(r] mn + 8 m X s d n X s + F mn ) , s = l,...,6, (4.25) 



or, equivalently, squaring the matrix which appears under the determinant, 

,1/4 



S = id x 



det(?7 mn ~\~ 2t mn -f- t mr t nr -f- F mr F nr -f- c 2t r t rn F n \ r 



(4.26) 



where t mn = d m X s d n X 8 . 

The 6 real coordinates X s should be related to the 3 complex scalar components of 
$a by 

^ a = X a + iX a+s , d m X s d n X s = d {m <p a d n) v a . (4.27) 

The bosonic Lagrangian in ( fl.25| ),( fl.26|) has the following expansion in powers of derivatives 

L = 1 + \d m X s d m X s + \F 2 - |[F 4 - i(F 2 ) 2 ] - |(F 2 n - \F 2 5 mn )d m X s d v X s 

+ \[{d m X s d m X s ) 2 - 2(d m X s d n X s )(d m X u d n X u )} + ... , (4.28) 
where F^ n = F mr F nri or, equivalently, 

L = 1 + \d m ip a d m (p a + \F 2 - |[F 4 - \{F 2 ) 2 ] - \{F 2 mn - \F 2 8 mn )d m y a d n (p a 

+ UdmV a d m ^ a d n <p b d n p b - d m v a dmV b d n y a d n $ b - d m y a d m $ b d n v b d n v a ) . (4.29) 
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The knowledge of the bosonic action (|4.29|) , the 4-derivative term in the Af = 2 action 
( 4.21Q and the condition of SU(3) symmetry in the chiral superfield sector allows one to 



deduce the analog of the term (|4.21|) in the Af = 1 superfield form of the Af = 4 Born-Infeld 
action HH] . This gives the Af = 4 generalization of the 1^ ~ F 4 invariant in the Born-Infeld 
action and its TV = 1 (W 2 W 2 ) Q) and Af = 2 ( ^21|) counterparts. 

Modulo the terms with 9 2 $ the only possible SU(3) invariant generalizations of the 
three $ 4 terms in ( |4.21|) are 

P 1 = \{^ b d m ^ a d m ^ b + <S> a $ b d m <S> a d m <S> b ) , 

p 2 = $ & $ 6 a m $ a a m $ a , p 3 = $ b $ a a m $ a a m $ b , (4.30) 
p l = -p 2 -p 3 + ia m a m ($ a $ a $ b $ b ) (4.31) 

Using ( [Q9|) and dropping the terms with d 2 <p which can be eliminated by a field redefi- 
nition in the total action containing $ 2 + $ terms, as well as total derivative terms, we 
find that the scalar field parts of these invariants are 

d A 9 P 1 = 2d rn i P a d m ip b d n ^ a d n ^ b , (4.32) 



d 4 9 P 2 = d m ip a d m ip b d n ip b d n ip a - d m ip a d m ip a d n ip b d n ip b - d m ip a d m ip b d n ip a d n ip b , 

d 4 9 P 3 = d m <p a d m <p a d n <p b d n <p b - d m <p a d m <p b d n ^ a d n <p b - d m i P a d rn ifi b d n ip b d n ip a . 

To determine the relevant linear combination of P\, P2, P3 that generalizes the $ 4 terms in 
( |1.21| ) we shall use the comparison of the scalar field terms with the corresponding (dX) 4 
structures in the BI action (|4.29| ) (which can be also obtained by dimensional reduction 



from the F 4 terms in the D = 10 Born-Infeld action). We find that the right combination 
is Pi + P2 — 3P3, i.e. the SU(3) invariant generalization of (|4.21|) to the case of several 
chiral superfields is 

I 4 = W a W a W & W d + i($ a d m $ a - $ a d m $ a )W a a™ A W" 

+ i($ a $ 6 a m $ a a m $ b +$ a $ 6 a m $ a a m $ b )+$ b $ 6 a m $ a a m $ a -3$ a $ & a m $ a a m $ 6 . (4.33) 



Ignoring d $ terms, the $ terms in ( |4.33| ) can be rewritten simply as — AP% + 



i<9^($ a $ a $ b $ b ), or as 

2d m ($ a $ b )d II (<5> b $ a ) - |a M a M ($ a $ a $ b $ b ) , (4.34) 

where the total derivative term may be dropped in the action. This simple SU(3) invariant 
expression is the generalization of the M = 2 expression ( |4. 22| ) . 



The M = 4 analog of the F 4 term in the Born-Infeld action may be written also in 
terms of Af = 2 superfields using projective superspace approach pT| , |oTf1 , or as an integral 
of the 4-th power of the analytic on-shell Af = 4 superfield of ]59] . 
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5. Supersymmetric Born-Infeld actions with 'deformed' supersymmetry from 
D-brane actions 



Component D3-brane actions with D = 10 space-time supersymmetry and local 
reparametrization invariance and world- volume K-symmetry were constructed in |5~4] , |55| , |56 
(in flat and generic curved backgrounds). 



The Af = 1, D = 10 supersymmetric Born-Infeld action was obtained in by fixing 
the static gauge and a k symmetry gauge in the D9-brane in flat type IIB background. 
Before gauge fixing the action depends on two D = 10 Majorana-Weyl spinors 6*1,6*2 and 
is invariant under two global D = 10 supersymmetries. After k symmetry gauge fixing 
by setting #2 = the action depends on the vector and the remaining Majorana-Weyl 
spinor 6 1 = vpjlZl 

Sio = j d 10 xsj- det(^ + - 2^r M a,* + VTPd^Tpd^) . (5.1) 

Here Tm are the D = 10 Dirac matrices. This action is invariant under the two original 
supersymmetries supplemented by the k symmetry transformation to maintain the gauge. 
One of the resulting symmetries (corresponding to the spontaneously broken half of the 
J\f = 2, D = 10 supersymmetry) is realized non-linearly. Under the other (unbroken 
combination of the two original symmetries) \& has a homogeneous transformation law. 
Similar action for the D3-brane is obtained by reduction to 4 dimensions |55[] (cf. ( |4.25| )) 



S4 = J d 4 x^- det(r] mn + d m X s d n X s + F mn + tp mn 

^ mn = 2^(r m + r s d m x s )d n y + ^r s a m ^^r s a n ^ 



(5.2) 



The unbroken supersymmetry of ( |5.1| ) or (|5.2j ) has complicated form with terms of all 
orders in F or in the fundamental scale parameter (the inverse string tension factor 2na' 
suppressed in ( |5.1|) ). It may be thought of as an a'-deformation of the linear supersym- 
metry transformations of the J\f = 1, D = 10 Maxwell multiplet. This is opposite [55| to 



what was the case in the M = 1, D = 4 superfield action discussed in section 4.1 where 
the unbroken supersymmetry was undeformed and was simply the original Maxwell super- 
symmetry while the broken supersymmetry was non-linear (cf. ( |4.13| ) [[II]) and contained 
terms of all orders in F or in a' . The two formulations are presumably related by a field 
redefinition. 
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The form of the action in a different K-symmetry gauge - Killing gauge - was given in [48|. 
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The leading terms in the expansion of (|5.1| ) (or its dimensional reduction (|5.2|) ) should 
be related by a field redefinition in the fermionic sector to the known F 2 + a' 2 F 4 defor- 
mation of the J\f = 1, D = 10 Maxwell action |l^,^5j. The latter can be derived by a 
supersymmetric completion of the bosonic gauge theory term F 4 — ^(F 2 ) 2 starting with 
the standard the M = 1, D = 10 SYM super symmetry transformation laws and deforming 
the latter by a' 2 corrections. Alternative route is directly deducing the 4-fermion terms 
from the open superstring amplitude (the structure of the corresponding invariant is dic- 
tated by the standard massless mode superstring 4-point kinematic factor Jj0|). In terms 
of the D = 10 gauge field strength F^ and D = 10 Majorana-Weyl spinor \& one finds 
(up to a field redefinition) the following supersymmetric completion of the F 2 + F 4 terms 
(2W = 1) n@ 

F^F™F kX F x ^-\{F^F^) 2 



+ yq,Y^ K ^F IMX d x F UK + 2i^Y^d^F^ x F Xv - \^Y^d v ^T 



(5.3) 

Comparing the action ( |5.2| ) to the actions with manifest linear M > 1 supersymmetry 
discussed in sections 4.2, 4.3 we see that while (|5.2|) depends only on the first derivatives of 
the scalars, the manifestly supersymmetric actions like (|4 . 1 4| ) , ( fl . 2 1| ) , ( [Q3| ) involve zero and 
second derivatives of the scalars before one makes field redefinitions. Such field redefinitions 
should be (at least partially) responsible for a non-linear modification of the supersymmetry 
transformation laws of the resulting translationally invariant actions like ( |5.2j ). 

Let us briefly mention that one can also obtain a similar action for a D3-brane moving 
in curved AdS^, x S 5 vacuum background of type IIB theory pI].B The bosonic part of 



this action or the action for a D3-brane moving near the core of another D3-brane has the 
form 



S = d 4 x \X\ 4 



det( Vrnn + Q\X\- 4 d m X s d n X s + Q l / 2 \X\- 2 F mn ) - 1 



+ S CS (X) , 
(5.4) 



18 The corresponding non-abelian expression [14| is found by taking the fields to be U(N) 
matrices and adding symmetrized trace. 

19 The space-time supersymmetric and K-symmetric D3-brane action was constructed in terms 
of the invariant Cartan one-forms defined on the coset superspace SU(2, 2|4)/[S l O(4, 1) <S) SO(5)] . 



The method used is conceptually very close to the one used in |55| to find the action of a D3-brane 
propagating in flat space as a D = 4 'Born-Infeld plus Wess-Zumino' -type model on the flat coset 
superspace (D = 10 super Poincare group) /(D = 10 Lorentz group). 
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where Q = 4nNg s a' 2 , \X\ 2 = X S X S , S CS ~ N j 5 e Sl ... Sf ,X^dX S2 A ... A dX s \ X s = 
X s /\X\. The supersymmetric extension of this action generalizes ( |5.2| ). This action should 
coincide with the leading IR, large N, part of the quantum Af = 4 SU (N) SYM effective 
action obtained by keeping the U(l) Af = 4 vector multiplet as an external background and 
integrating out massive SYM fields []62| , |63| , |64| , |65[| .11 One simple test of this conjecture is 
the following: since the quantum Af = 4 SYM theory is conformally invariant, the resulting 
action should also have (spontaneously broken by scalar field background and thus non- 
linearly realized) conformal symmetry. The non-linear conformal invariance of the bosonic 
part of the static-gauge D3-brane action in AdS§ background was indeed demonstrated 
64],|66|].@ The validity of this "quantum SYM — > BI" conjecture suggested by the 



m 



supergravity - SYM correspondence should rely on the the existence of many new non- 
renormalization theorems. 



Like the flat-space action of [p4| , p5| , the action in |6T| is invariant under the 32 global 
supersymmetries of the AdS§ x S 5 vacuum and ^-invariant. Its conformal invariance is a 
consequence of the 50(4,2) x SO (6) isometry of the AdS$ x S 5 metric and is manifest 
(linearly realized) before the static gauge fixing. It is only after choosing the standard 
Poincare coordinates and fixing the static gauge and appropriate K-symmetry gauge it 
will have a "SYM effective action" interpretation (details of this procedure remain to be 
understood). Like the flat space action ( |5.2| ), it will then have 16 linear and 16 non-linear 
(conformal) supersymmetries, i.e. only the ISO(3, 1) ® SO (5) and 16 supersymmetries 
of the original symmetry will remain manifest, but the superconformal symmetry will be 
realized non-linearly. While for both D3-brane actions - in flat space and in AdS$ x 
S 5 space - their gauge-fixed forms have only 16 linearly realized supersymmetries, the 
interpretation of the remaining 16 supersymmetries as conformal ones is possible only 
in the AdS^ x S 5 case.il The difference between the two actions is related to the fact 
that while the flat space action ( |5.2| ) has explicit scale ("s/o 7 ), the role of such scale in 



20 Scs which is SO(6) invariant (does not depend on \X\) should have purely 1-loop origin. 

21 It was conjectured in |34| (and demonstrated for the particular case when only the modulus of 
X s is non-constant) that this non-linear symmetry may be fixing the structure of the action ( |5,4| ) 
uniquely. This seems to be unlikely since superconformal symmetry is not sufficient to restrict the 
form of the vector field terms, and the scalar terms should be related to the gauge theory terms 
by supersymmetry. 

22 This interpretation seems to depend on a proper choice the K-symmetry gauge which should 



be different, e.g., from the Qi = choice in [55]. 
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the AdSs x S 5 action is played by the modulus of the scalar field.ll As in the flat case, 
the resulting action should be invariant under complicated ('X-deformed') supersymmetry 
transformations. Examples of similar actions in lower dimensions were constructed in [67 . 



6. Non-abelian generalization of Born-Infeld action 

The abelian Born-Infeld action represents the derivative-independent part of the open 
string tree level effective action. In contrast, the part of the string effective action for 
the non-abelian vector field which depends on the field strength but not on its covariant 
derivatives is not defined unambiguously since [D m , D n ]Fki = [F mn , Fki}. One natural 



definition of the non-abelian Born-Infeld (NBI) action suggested in |68|] which will be 
described below is based on replacing F mn in the BI action by a non-abelain field strength 
and adding the symmetrized trace in front of the V det action. 

6.1. String theory considerations 

This definition can be motivated from string theory as follows [BSl .@ One starts with 



the path integral representation for the generating functional for the vector scattering 
amplitudes on the discH 

Z(A) =< tr Pexpz J dip [x m A m (x) - ±ip m ip n F mn (x)} > (6.1) 

= j d D x Q < tr Pexpi J dip [i m A m (x + £) - \i)j m ^ n F mn {x Q + £)]>, 

where the trace is in the fundamental representation of the Chan-Paton group, x = xq + 
£(<£>), < <p < 2n and the averaging is done with the free string propagator restricted 
to the boundary of the disc, i.e. with the action J (£G _1 £ + ifjK -1 ^) (pi 2 = (pi — (p 2 , 
e -> +0) 

^ 00 e -ne ^ 00 

G((pi,(f2) = - cosn^i2 , K((pi,(p 2 ) = - ^ e~ re sinrtpi2 . (6.2) 



7T * — ' n n 

n=l r=l/2 



23 In contrast to the AdSs x S 5 one, the flat-space Born-Infeld -type D3-brane action is not, of 
course, related to quantum SYM theory; instead, the higher-order terms in it are interpreted as 
tree-level string-theory a' corrections. 

24 A somewhat different proposal was made in |J39| . 

25 Here P stands for the standard path ordering. As explained in [70,2C], the [A m , A n ] term in 



F mn appears from the contact terms in the supersymmetric theta-functions in the definition of 
the supersymmetric path ordering. 
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Using the radial gauge ^ m A rn (xo + £) =0, A m (xo) = (see, e.g., [[fT]) one finds the 
following expansion in terms of symmetrized products of covariant derivatives of F at xq, 

J d<pi m A m (x +® = J dipi m [^F nm + ^ l D l F nm + ^ n ^ 8 D {8 D l) F nm + ...] . (6.3) 

Then 

Z(A) = J d D x [C(F) + O(D {k ...D l) F)} , (6.4) 

C(F) =< tr Pexp [\iF nm j dip (Cf + ^ n )] > . (6.5) 

Dropping all symmetrized covariant derivatives leaves us with C(F). The path integral 
in ( |6.5| ) is effectively non-gaussian because of the path ordering of the F nm (xo) (£ m £ n )(<£>) 
factors which is non-trivial if the matrices F mn do not commute. If we further define the 
NBI Lagrangian as part of C(F) which does not contain commutators of F's, or, more 
precisely, which is completely symmetric in all factors of F in each monomial tr(F...F), 
we can then replace the trace in ( |6.5|) by symmetrized trace, i.e. treat F mn matrices as if 
they are commuting and thus drop the path ordering symbol. The resulting path integral 
is then computable exactly as in the abelian case 



(6.6) 



C(F) - L N bi(F) = Str < exp [\iF nm [ dip (Cf + V>"V n )] > 

Jo 

= Str[-det(?? mn + T~ 1 F rnn )] u , 
/ (G 2 - K 2 ) = (-J2 e~ 2 ™ + e~ 2 n^o = \ , (6.7) 



V = —IT 



n=l r=l/2 



and thus 



L Nm (F) = StrV-det^ + T" 1 ^) . (6.1 



This NBI action represents in a sense a 'minimal' non-abelian extension of the abelian 
Born-Infeld action which is consistent with the basic requirement of tree-level string the- 
ory - overall single trace of products of field strengths as matrices in the fundamental 
representation. Remarkably, it reproduces exactly the F 2 + a' 2 F 4 terms in the full non- 
abelian open superstring effective actionil 

(27ra')" 2 Str[v/- det(r7 mn + 27ia'F rnn ) - I] 



2(i 



The non-abelian F 4 terms were originally found in the Str-form in |18|j and in the equivalent 



tr-form in |17|. 
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= Str[lF^ n - |(2W) 2 (F 4 - i(F 2 ) 2 ) + 0(a' 4 )] 

= tr[^F mri (27rct ) (yF Tnn F rri F vri iF r i -f- -^F mri F rri F r iF rn i (6-9) 

"^F mn F rnn F r iF r i "^F rnn F r iF mn F r i^ -f- O(o )J . 

It should be stressed that these F 4 terms represent the full 0(a' 2 ) term in the superstring 
effective action, i.e. all other possible terms with covariant derivatives can be redefined 



away at this order [17 



In general, the full open string effective action is given by the sum of the three types 
of terms: (i) NBI action ( |6.8| ); (ii) F n terms containing factors of commutators of F's; (iii) 
terms with symmetrized covariant derivatives of F. While the separation of terms with 
symmetrized covariant derivatives is unambiguous, terms from (i) and (ii) have similar 
tr (F...F) structure and their sum reduces to the abelian Born-Infeld action in the case 
when F's commute. It is clear, of course, that there is no reason to expect that the NBI 
action ( ]6.8| ) should reproduce the full string theory expression at higher than a' 2 orders (i.e. 
c/ 4 F 6 + ...)H Still, the symmetrized trace action has several exceptional features and may 
indeed provide a good approximation to string (or D-brane) dynamics in certain situations, 
e.g., described by nearly commuting or nearly covariantly constant field strengths, or by 
BPS configurations. 

6.2. Properties of the symmetrized trace action 

Before discussing some properties and generalizations of the NBI action ( |6.8[ ) let us 
make its definition more explicit. Expanding the abelian Born-Infeld Lagrangian in powers 
of F we may define the Lorentz tensors (j mini "' rn2kn2h as the coefficients inil 

oo 

V-detfa^ + F™) = J2C mini - m2kn2k F mini ...F rn2kn2k . (6.10) 

k=0 

If F mn = F^ n T a where T a are generators of the gauge group (in the fundamental repre- 
sentation) the non-abelian Born-Infeld action is defined by 

oo 
k=0 



27 Therefore, possible disagreements with predictions of the full string theory effective action 
like the one observed in |ff^| (where quadratic fluctuations in a constant abelian F mn background 
were discussed both from NBI action and string theory points of view) should not be unexpected. 

28 Since det(ry + F) = det(r) + F T ) = det(i] — F) the expansion of BI and thus of NBI action 
contains only even powers of F. 
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Here the totally symmetric tensors 



d ai ...a v = Str (T ai ...T ap ) = ^tr(T ai ...T ap + all permutations) (6.12) 

are the (adjoint action) invariant tensors of the gauge Lie algebra d ai .. M >... ap f ^ b = 
0, [T a ,T b ] = / c ab T c )^l The definition ( |6.11| ) is thus quite natural from the mathematical 



point of view. 

For example, for 577(2) one has T a = a a , T a T b = 5 ab + ie abc T c , so that d ai ... a2n = 

25 

(0^2 • ■■3a,2n-i,2n,) ' For S77(3) all d ai ___ a2n are expressed in terms of d ab ~ 5 ab and d abc . 
The simple structure of d ai ...a 2n m the SU{2) case allows one to write down the SU{2) 
NBI Lagrangian in the following form: Lnbi(SU(2)) =< a/ det(5 mn + 7 mn ) >, where 
J~mn = taF^ and the averaging is done over the free gaussian variable t a with the rule 
< t a t b >= 25 abl i.e. < ... >~ f[dt]exp(-t a t a )..M 

The fact that under Str one can effectively treat the factors of 77 as commuting sim- 



plifies the analysis of the consequences of the NBI action (see [fF2J74|| ). Indeed, most of the 
properties of the abelian Born-Infeld action have direct non-abelian analogs in the NBI 
action case. In particular, one can show that: (i) covariantly constant fields D m Fki = 
are solutions of the NBI equations]^ (ii) the NBI action has the same BPS solutions 
(waves, instantons, monopoles, etc.) as the YM action tr77^ n [|74|].il The NBI action and 



29 In general, for SU(N) there are N — l(=rank) basic or primitive tensors d ai ...a r in terms of 
which all other d ai ... a „ can be expressed (see, e.g., j|73j| ). The primitive symmetric tensors define 
the Casimir operators I r = d ai ... ar T ai ...T°" r . 

30 Similar representation might exist for higher SU(N) groups if additional primitive invariant 
tensors are added as coupling constants to the action for t a (e.g., d a b c t a tbt c + ■••)> making it 
non-gaussian. 

31 The variation of the NBI action is Strjy 7 - det H k i{H- 1 ) mn {D m 8A n - D n SA m )], where 
H mn = r]mn + F mn . Since Str ( |6.12| ) is the sum of terms with ordinary traces which have 
the usial cyclic symmetry, one can always put the term with variation to the right of all oth- 
ers. In general, for a set of matrices Mi,K one has Str(Mi. ..M n K) = tT(Mn...M n \K) where 
M(i...M„) = i XX M i--- M n+all permutations). 

32 See also | |75| for a discussion of Bogomol'nyi relations in the abelian AT = 1 Born-Infeld theory 
(4.1) combined with a Higgs scalar Lagrangian (such theory may result as a certain approximation 



from the NBI action). Monopole solutions in the non-abelian theory combined with Higgs sector 
were considered in lff6||. 
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equations of motion reduced on such configurations simply to the YM action and the 
YM equations D rn F rnn = 0. As in the abelian case ( |3.2| ),( |3T3| ) one can show that in four 
(euclidean) dimensions 



Lnbi = Str^det 4 (5 mn + F mn ) = SWl + \F mn F™ + ±(F mn F* mn )^ 



= Stry / (1 + \F mn F* mn Y + \{F mn - F* mn ) 2 • (6-13) 

However, this formal representation does not mean that the resulting action is expressed 
in terms of the two Lorentz scalar s only: Str includes all possible orderings of the F mn 
factors.il 

The bosonic NBI action admits straightforward supersymmetric extensions generaliz- 
ing the abelian actions like ( |4.1[ ) (see []7D[]) or ( |5.1[ ). The non-abelian generalization of ( |5.ij| ) 
or, equivalently, the supersymmetric version of the tr(F 2 + F 4 ) terms in ( |6.9| ) invariant 
under ct'-deformed supersymmetry was found in [Tj| . 



6.3. Non-abelian D-brane actions 

The non-abelian actions for clusters of D-branes can be again obtained by dimensional 
reduction of the NBI action (cf. (|2.3[)). As was argued in |]31||, for a system of N 



parallel D-branes the fields (A m , X s ) become U(N) matrices and the low-energy Maxwell 
action is generalized to the D = 10 Yang-Mills action reduced to p + 1 dimensions. The full 
action including higher order terms is determined by the dimensional reduction of the open 
string effective action with the gauge potential components replaced by the matrix- valued 
fields = (A m ,A s = TX S ). This follows directly from the non-abelian generalization 
of the partition function approach to the derivation of D-brane actions discussed in ||29|| . 
T-duality relates the Neumann A s and Dirichlet A a vertices in the exponent in 

Z =< tr Pexpz J d(p[d v x m A m (x) +d ± x s A s (x)] > . (6.14) 



33 As in the abelian case ( |3.3| ), on self-dual configuration det((5 mn + F mn ) reduces to a perfect 
square [1 + \{F mn ) 2 } 2 . 

34 Thus the existence of a BPS bound similar to (3.3) is not obvious JF7| (cf. ||78|j). The inequal- 



ity relation for Stri^/det(...) action needs, in general, a separate proof different from the abelian 



argument (note also that Str-action (6.11) is defined perturbatively and its global properties de- 
pend on convergence of the series). The BPS bound seems to hold at least in the SU{2) case as 
can be seen from the 'abelian' representation Lnbi(S'C/(2)) =< a/ det(5 mn + f m „) > mentioned 
above (the averaging is done with a positive definite measure). 
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In view of the above discussion, in situations when covariant derivatives and their commu- 
tators are small, it is natural to assume that the most important part of these corrections 
is represented by the NBI action ( |6.8| ). Then we arrive at the following non-abelian gen- 
eralization of ( |2.3| ) 



S P = T P J d p+1 x Str^-det^+T-iiV) 
T p J d p+1 x Str 



V-det GmnVdetg rs 



(6.15) 



G mn = Vmn + Q rs {X)D m X r D n X s + T- x F mn , g rs (X) = S rs - iT[X r , X s ] . (6.16) 

Here Str applies not to individual A m and X s but to the products of components of the 
field strength i.e. F rs = — iT 2 [X r , X s ] , F mr = TD m X r = T(d rn X r — i[A m ,X r }) and 
F mn (A) = d m A n — d n A m — i[A m ,A n ]. As in (|2.3|) , we have used the simple determinant 
identity (which is applicable under Str) . Compared to the abelian case, now there is a non- 
trivial extra factor of the determinant of the 'internal metric' Q rs (X) = 5 rs — iT[X r , X s ] 
(which is equal to 1 if X s commute) JH 

There should exist a non-trivial generalization of the action (|6.15|) to the case when D- 



branes are put in a curved background. One natural suggestion is to consider background 
fields as functions of X s = x s I+X' s where x s is the center of mass coordinate and expand in 
power series in SU(N) coordinates X' s . For example, for the dilaton interaction tr((/>F^ n ) 
this leads to £ X i d Sl ..d Sn (j){x)tx{X' Sl ...X' an F^ nn ) [|l],|82[]. As was pointed out in @, to 
get SYM operators from short multiplets of M = 4 superconformal algebra one should 
symmetrize products of X's (or of their Af = 1 superfield counterparts). This prescription 
is also supported and made more universal by the analysis of the supersymmetric versions 
of the above higher momentum dilaton operators in |Q] . Note also that powers of X and 
F are related by linearized M = 4 supersymmetry (in particular, Str{XXXX) is related 
to Str (FFFF) P^ySB] ). This suggests that in the general external background case the 
symmetrized trace in the NBI action should apply to both the components of 10-d field 
strength F mn , D m X s , [X r , X s ] and powers of X s in the Taylor expansion of the background 
fields. 



35 Some quantum corrections in such non-abelian D-brane actions were discussed in 
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7. Derivative corrections to Born-Infeld action in open superstring theory 



The field strength derivative corrections to the leading Born-Infeld part of the open 
string effective action can be computed using either S-matrix or sigma model (path integral 
or beta-function) approach. The advantage of the latter is that though it is based on the 
expansion in derivatives dkF mn , in the abelian case it is still non-perturbative in powers 
of F mn . As explained in |l^,^0|, one may start with the path integral expression ([271]) 
or (|6.1|),(|6T5|), expand the boundary action in powers of dF and compute the resulting 
correlators with the F mn -dependent (super)propagator on the disc which in the superstring 
case has the form ( cf - (Q) 



Gmn = Gmnitfu <p 2 \F) ~ 6 \6 > 2 K mn (tp l , f 2 \F) 



I e 

- V (fmn cos nip 12 - ih mn sin n<p 12 ) 



7T * — ' n 

n=l 



0i0 2 y e er (h mn cosripi 2 - if mn smrip 12 ) 

r=l/2 



fmn = [(V~F 



2\-li 



hmn — F rn ^f] tn \F\Tj F 



2\-ll 



(7.1) 



where we have absorbed 27ra' into the matrix F mn and (rj — F 2 ) mn = r\ mn — F m ^r\ kl Fi n . 
After the renormalization of the partition function Z(A), i.e. eliminating logarithmic 
divergences by a redefinition of the vector potential^ one finds [2(J that the resulting 
effective superstring Lagrangian has the following structure (we again suppress the factors 
of 27ra' which multiply each F mn and each pair of derivatives) 



L = A/-det(r] mn + F n 



1+T 



klmnabcd 



(F)d k d l F mn d a d b F cd + Q(d e 



(7.2) 



where the function T(F) ~ F 2 +F 4 + ... can be, in principle, computed exactly. The leading 
F 2 term in JF is easy to find by comparing this action with the momentum expansion of 
the standard expression |5[ for the 4-vector superstring amplitude on the disc |20 

L = a/- det (5 mn + F mn ) 



36 This corresponds to subtraction of massless exchanges in the string amplitudes. Renormal- 
ization scheme ambiguity corresponds to field redefinition ambiguity in the S-matrix approach 
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96 



tfi I d a 3f } F rnn 3 a 3f } F n iFi r F rrn -\- „d a d) ) F rrin F n id a 3i J Fi r F r 



-\d a d h d a d b F mn F lr F lr j + 0(d 4 F 6 ) 



(7.3) 



The FFddFddF term in ( |7.3|) defines a super-invariant which appears also in other con- 
texts (e.g., as a divergent 1-loop correction to quantized supersymmetric Born-Infeld action 
|41|141|). Starting with ( [7.3| ) in 10 dimensions and applying dimensional reduction as in 
( |2.3|) ,( |67L5l) one may determine the corresponding higher-derivative string a' corrections 
to D-brane actions.0 



For comparison, in the bosonic string case one finds [[19| , |20 



L = A/-det(?7 mn + ~F„ 



4 Tpk^ 



\F)d k F mn d a F cd + 0{d*F 



= V'^iVmn + F mn ) (7.4) 
4^ (^FkiFkid a F mn d a F mn + &F k iFi m d a F mn d a F nk — 4Fi a Fi b d a F mn dbF mr ^j + 0(<9 2 F 6 ), 



where the leading F 2 term in the function J-'(F) can be found from the string 4-point 
amplitude [p0| or from the 2-loop beta-function computation [B8|. 
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Appendix A. Born-Infeld action from string partition function on a disc 

Let us review the original computation 0] of the partition function ( p.l|) in the abelian 
F m ri = const background in a slightly generalized form: we shall assume that the boundary 

37 Note that the 0(d 2 X) higher-derivative terms discussed in |]87|1 can be redefined away f30| : 
the scalar terms in |]87|l are related by field redefinition and integration by parts to (dX) 4 /X 4 
terms which accompany F 4 /X 4 terms (cf. (g~J|)) in the TV = 4 SYM 1-loop effective action. 
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part of the string action contains also the usual 'particle' term (x m ) 2 . The full (Euclidean) 
string action on the disc is then 

/ = J d 2 a \Td a x m d a x m + dcp [\M mn x m x n - ix m A m (x)} . (A.l) 

Here M mn may be interpreted as a condensate of the open string massive mode; taken at 
an 'off-shell' value M mn = const this term breaks conformal invariance of the sigma model. 
In what follows we shall set M mn = M5 mn and treat this term as a formal 'regularization' 
of the boundary kinetic operator. Integrating over the values of the string coordinate at 
internal points of the disc we arrive at the following effective action at the boundary of 
the disc (we isolate the constant zero mode x™ = x m — £ m ) 

ibndry = \ I " dip [T^G^C + M£™£™ + ^nf^] , (A.2) 

Jo 

where £ m = X]^Li(° mcos n f + b m sm rap) and the scale-invariant ('first order') non-local 
operator G _1 is the inverse of the restriction of the Green function on the disc to its 
boundary, 



J- X "V J- „_1 , N 1 



GUp\, (P2) = — - cosn</?i2 , G 1 Upi, ^2) = — n cosn^i 2 . (A. 3) 



71 * — * n n 

n=l n=l 



The action ( |A.2| ) thus contains both effectively first-order (~ T) and second-order (~ M) 
derivative parts and interpolates between the string-theory case T ^ 0, M = which 
was discussed in || and the standard particle case T = 0, M/0 which appeared in the 
Schwinger computation of logdet(— D 2 (A)). The resulting partition function will interpo- 
late between the Born-Infeld ("a/1 + F 2 ") and Schwinger (" . ? F ") results. 

Putting F mn in the block-diagonal form and concentrating on the first (1,2) block we 
find, integrating over the coordinates ^,^ 2 as in (F12 = F): 

Z 12 = Z 12 (M)Z 12 (F,M) , 
Z 12 (M)~ l[(Tn + Mn 2 )- 2 ~ M[J](1 + )]" 2 , (A.4) 

n=l n=l 

Zl2( F, M)= fill + WTJ ^]->. (A.5) 
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Zi2(F,M) depends only on the ratios T _1 F and T~ X M. We shall ignore the (divergent) 
.F-independent factor Zi 2 (M) which can be absorbed into the renormalization of tachyon 
coupling at the boundary. When T = the factors in the product in Z% 2 (F, M) are 
n-independent, and using the regularization prescription n^Li c = c -1 / 2 as in || (with 
linear divergence again absorbed into the tachyon coupling [|19]) we get the Born-Infeld 
result Z 12 (M = 0, F) = y/1 + (T _1 F) 2 . When T = we get the Schwinger result Z 12 = 
sinh^M-iF) ^ n g enera ^ f° r M ^ 0, Z\ 2 (F, M) is 'more convergent' than for M = (i.e. 
M plays the role of an effective regularization parameter) and is given by a combination 
of r functions 

ZMF, M) = ^(4^)]^ ' (A ' 6) 
In the case of the electric field background (zF — > E) the partition function ( |A.6| ) becomes 

^(E, M) = [ ^ { tA )? M } ■ (A.7) 

This partition function is well-defined for \E\ < T + M, which is a generalization of the 
critical field strength condition (\E\ < T) for the Born-Infeld action. 

The general expression for the partition function is thus given by the product of factors 
for each eigenvalue F„ of the field strength 



Z(F, M) = n 
p=l 

It is easy to see that indeed 



D/2 rT ^, T+M+iF p ^ -j^f T+M—iFp 



r(^f^) r 



M I *- \ M 



[r(^)] 2 



(Ai 



At the same time, taking here the limit M — > and using the Stirling formula T(z — ► oo) = 
(§ ) 2 [1 + 0(|)] we find that 

/)/2 + «T" 1 F„ n 1£p 



Z(F M - 0) = n Jl + (T"%) 2 [1 + (T- 1 F p ) 2 ]^( p )^ [1 + O(M)] 



P =i - ~ - p 



1 - iT-'^F, 

(A.10) 



38 In the 1-loop field theory computation context M = ir/s 2 where s is the proper time param- 
eter which one is still to integrate over. 
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M thus plays here the role of a cutoff. Eq. (|A.1Q ) reduces to the Born-Infeld expression 
after renormalizing the divergent term in the exponent 



Z(F, M -> 0) = y/detidmn+T^Fr, 



(A.ll) 



The linearly divergent term cancels out in the superstring case as in ( |S.7|) . 

The superstring generalization of the action ( |A.2| ) contains three extra fermionic 
terms: 

1 /" dip{T^ m K- l il) m + Mi) m i) m + iF mn ip m iJj n ) , (A.12) 



where K is defined in (|6.2|) . As a result, ( |A.5|) is replaced by 



Z 12 {F,M) 



nr=l/2[ 1 + (T+Mr) 2 ■ 



lln=l I 1 ^ (T+Mn) 2 

Then the generalization of ( |A.8|) becomes (D = 10) 

D/2 



n 

n=l 



1 + 



(T-^M+Mn) 1 



1 + 



(T+Mn) 2 



(A.13) 



Z(F, M) = n 
p=l 



r(i + ^v 



r i + 



T — iF 

M 



£ ) [r(i + ^)] 2 



Lr(i + 



T+iF f 
M 



(A.14) 



This expression is regular in the M — > limit and reduces simply to the Born-Infeld 
actionll 

Z(F, M -> 0) = VdetO^ + T" 1 ^) [1 + 0(M )] . (A.15) 

Thus M plays indeed the role of a natural regularization parameter. In the limit T — > 
one finds Z(F, M) = f^g 

Similar expression for the partition function can be found using the Green-Schwarz 



light-cone gauge string action as in ||17|1 - Assuming that the vector field strength has 
only spatial (magnetic) components one is to replace (|A.12| ) by \ J d(p(TS a K~ 1 S a + 
MS a S a + zF a& S a S 6 ), where S a is an SO (8) spinor, F ab = \{l ij ) a bFij and K is again 



given by ( |6.2j ) (S a is the restriction of the I.e. GS spinor variable which is a 2-d spinor 
to the boundary of the disc and thus like -i/> m is antiperiodic in ip [|16|]). The resulting 
partition function has the same form as ( |A.14| ) (with D = 8, i.e. p = 1, 2,3,4) but with 
F p in the fermionic contributions (two T-function factors in the denominator) replaced by 
the eigen- values F p of the matrix F ab , Fi = |(— Fi + F 2 + F 3 + F 4 ), etc. (see [|9| for a 

[1 + 



39 The fermionic factors give only divergent contributions ([r(i + z)]z^oo 
O(-)] — > z z ) that cancel the -p- divergences coming from the bosonic sector. 
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discussion of a similar partition function on the annulus). The M — > limit of the resulting 
partition function has again the Born-Infeld Lagrangian as its finite factor, but as in the 
bosonic case ( |A.11|) and in contrast to the NSR case (|A.15| ) the divergent terms here do 
not cancel, i.e. in this case the M-regulator does not seem to preserve the world-volume 
supersymmetry (the same conclusion is reached in the case of the exponential regulator 
used in ( |6.2| )). At the same time, the formal (^-function regularization implies 0,rB| that 
the bosonic factor is the BI one while the fermionic contribution is simply equal to 1 

(C(o,i) = c(o) = -|, C(o,§) = o). 
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